Abstract. Let R denote a commutative Noetherian ring and let I be an ideal of R such that H i I (R) = 0, for all integers i ≥ 2. In this paper we shall prove some results concerning the homological properties of I.
Introduction
Let R denote a commutative Noetherian ring and let I be an ideal of R. In [11] , Hartshorne defined an R-module L to be I-cofinite, if Supp L ⊆ V (I) and Ext i R (R/I, L) is a finitely generated module for all i. He posed the following question:
Whether the category C (R, I) cof of I-cofinite modules is an Abelian subcategory of the category of all R-modules? That is, if f : M −→ N is an R-homomorphism of I-cofinite modules, are ker f and cokerf I-cofinite?
Hartshorne gave a counterexample to show that this question has not an affirmative answer in general, (see [11, §3] ). On the positive side, Hartshorne proved that if I is a prime ideal of dimension one in a complete regular local ring R, then the answer to his question is yes. On the other hand, in [7] , Delfino and Marley extended this result to arbitrary complete local rings. Kawasaki in [18] generalized the Delfino and Marley's result for an arbitrary ideal I of dimension one in a local ring R. Finally, Melkersson in [23] generalized the Kawasaki's result for all ideals of dimension one of any arbitrary Noetherian ring R. More recently, in [5] as a generalization of Melkersson's result it is shown that for any ideals I in a commutative Noetherian ring R, the category of all I-cofinite R-modules M with dim M ≤ 1 is an Abelian subcategory of the category of all R-modules.
Hellus-Stückrad [14] , Mehrvarz et al [22] , and Ghasemi et al [10] .
Recall that, for any proper ideal I of R, the arithmetic rank of I, denoted by ara(I), is the least number of elements of I required to generate an ideal which has the same radical as I. Now, let I be an ideal of an arbitrary Noetherian ring R. Kawasaki in [17, Theorem 2.1] proved that if ara(I) = 1 then the category C (R, I) cof of I-cofinite modules is an Abelian subcategory of the category of all R-modules.
It is well known that, for any proper ideal I of a Noetherian ring R we have cd(I, R) ≤ ara(I). (See [6, Corollary 3.3.3] ). In particular, for any ideal I with ara(I) = 1 we have cd(I, R) ≤ 1. So, as a generalization of Kawasaki's interesting result, it is more natural that we ask the following question:
Question 1: Let R be a Noetherian ring and I be an ideal of R with cd(I, R) ≤ 1.
Whether the category C (R, I) cof of I-cofinite modules is an Abelian subcategory of the category of all R-modules?
In section 2 of this paper we present an affirmative answer to the Question 1, whenever R is a local Noetherian ring. In section 3 we present some equivalent conditions for the exactness of ideal transform functors. Using these results, for any ideal I generated by two elements, we provide some necessary and sufficient conditions for the non-vanishing of the local cohomology module H 2 I (R). Finally, in section 4 we prepare some vanishing conditions for the Bass and Betti numbers of some special local cohomology modules. Also, we give a formula for the cohomological dimension of some special ideals in Noetherian domains.
Throughout this paper, R will always be a commutative Noetherian ring and I will be an ideal of R. Also, for an R-module M, Γ I (M) denotes the submodule of M consisting of all elements annihilated by some power of I, i.e., ∞ n=1 (0 : M I n ). For every R-module L, we denote by mAss R L the set of minimal elements of Ass R L with respect to inclusion. Also, for any ideal a of R, we denote {p ∈ Spec R : p ⊇ a} by V (a). Finally, for any ideal b of R, the radical of b, denoted by Rad(b), is defined to be the set {x ∈ R : x n ∈ b for some n ∈ N}. For any unexplained notation and terminology we refer the reader to [6] and [21] .
A category of modules which is Abelian
The following well known lemma plays a key role in the proof of Proposition 2.2.
Lemma 2.1. Let R be a Noetherian ring, I be an ideal of R and T be an R-module. Then the following statements are equivalent: The following result gives an affirmative answer to the Question 1, for the local case. Proof. Let M, N ∈ C (R, I) cof and let f : M −→ N be an R-homomorphism. It is enough to show that the R-modules ker f and cokerf are I-cofinite.
To this end, the exact sequence
induces an exact sequence 
Proof. The assertion follows from Theorem 2.4. Proof. Since N is finitely generated it follows that, N has a free resolution with finitely generated free R-modules. Now the assertion follows using Corollary 2.5 and computing the R-modules Tor 
Vanishing of the extension and torsion functors
In this section we present some equivalent conditions for the exactness of ideal transform functors. Using these results, for any ideal I generated by two elements, we provide some necessary and sufficient conditions for the non-vanishing of the local cohomology module
The following lemma is needed in the proof of Proposition 3.2.
Lemma 3.1. Let R be a Noetherian ring and I be an ideal of R. Let M be an R-module such that Tor
Proof. Let I = (x 1 , . . . , x n ) and let
be the Koszul complex of M with respect to x = x 1 , . . . , x n .
We prove that H i (x; M) = 0 for all 0 ≤ i ≤ n. By the definition we have
So, we have im f n−1 = M. Therefore, using the hypothesis it follows that Tor R i (R/I, im f n−1 ) = 0, for each i ≥ 0. Hence, the exact sequence
induces the exact sequence
Now as R/I ⊗ R ker f n−1 = 0, it follows from (3.1.2) that
By the definition of the Koszul complex we have I H 1 (x; M) = 0. Therefore, we have H 1 (x; M) ≃ R/I ⊗ R H 1 (x; M) = 0. Now it follows from the exact sequence (3.1.1) that Tor 
The following proposition plays a key role in the proof of our main results. 
Proof. (i)⇒(ii)
We argue by induction on n. For n = 0, the assertion holds by Lemma 3.1. We therefore assume, inductively, that n > 0 and the result has been proved for smaller values of n. Then there is an exact sequence
Since, by the hypothesis we have (0 : M I) = 0 it follows that (0 : E R (M ) I) = 0 and hence Γ I (E R (M)) = 0. By [21, Theorem 18.5] the R-module E R (M) is isomorph with a direct sum of a family of indecomposable injective R-modules. Let p be a prime ideal of R such that E R (R/ p) is a direct summand of E R (M). Then we have Γ I (E R (R/ p)) = 0. Therefore, form the fact that Ass R E R (R/ p) = {p} it follows that I ⊆ p. So there exists an element a ∈ I such that a ∈ p. Then by [21, Theorem 18.4(iii) ], multiplication by a is an automorphism on E R (R/ p). Therefore, multiplication by a is an automorphism on Tor 
Proof. In view of [6, Proposition 2.1.4] the R-module E 1 := Γ I (E) is injective. Therefore, there exists an injective submodule E 2 of E such that E 1 + E 2 = E and E 1 ∩ E 2 = 0. Since
is a homomorphic image of the R-module E 2 . So, in order to prove the assertion it is enough to prove that E 2 ⊗ R R I = 0. So, we must prove that E 2 = IE 2 . Since Γ I (R)E 2 ⊆ Γ I (E 2 ) = 0, it follows that Γ I (R)E 2 = 0. Therefore, we have
On the other hand, by [6, Lemma 2.1.1] there is an exact sequence
for some element a ∈ I, which effecting the R-linear exact functor Hom R (−, E 2 ) induces the exact sequence
Therefore, we have Hom R (R/Γ I (R), E 2 ) = a Hom R (R/Γ I (R), E 2 ). Hence, we have
So, we have E 2 = aE 2 and hence E 2 = IE 2 . 
Lemma 3.4. Let R be a Noetherian ring and let I ⊆ J be two ideals of R. Let M be an R-module and t ≥ 2 be an integer such that Tor
be a minimal injective resolution for M. Set K i := kerf i for i ≥ 0. By splitting this minimal injective resolution to some short exact sequences we get the isomorphisms
. Then we have Γ I (N) = 0 and
So, there exists a submodule K of E := E t−2 such that N ≃ E/K. By [6, Remark 2.2.7] there is an exact sequence
Therefore, by the hypothesis we have 
Vanishing of the Bass and Betti numbers of local cohomology modules
In this section we prepare some vanishing conditions for some of the Bass and Betti numbers of special local cohomology modules. Also, we give a formula for the cohomological dimension of special ideals over Noetherian domains. 
